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Abstract: We consider the anomalous dimension of a certain twist two operator in 
M = 4 super Yang- Mills theory. At strong coupling and large- N it is captured by the 
classical dynamics of a spinning D5-brane. The present calculation generalizes the 
result of Gubser, Klebanov and Polyakov (hep-th/0204051): in order to calculate the 
anomalous dimension of a bound state of k coincident strings, the spinning closed 
string is replaced by a spinning D5 brane that wraps an S A inside the S 5 part of the 
AdS 5 x S 5 metric. 
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1. Introduction 



Twist two operators of the form tr <&V+<& (where $ is either a quark or a gluon and 
the subscript + refers to a projection onto the light-cone) play an important role 
in deep inelastic scattering [1-3]. The calculation of anomalous dimensions of such 
operators at strong coupling is of great interest. 

A while ago Gubser, Klebanov and Polyakov [4] considered the following operator 
in M = 4 SYM 

= trW^$ (1.1) 

($ = $ a t a , and V + = d + + [A" t a , ■]). They argued that the anomalous dimension 
of ( |1 . 1|) is captured by the semi-classical dynamics of a fast spinning closed string in 
AdS$. Their result, valid at large- N, A ^> 1 and J 3> y/\, is 

7 = A-J = — log J. (1.2) 
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In this short note we consider a certain generalization of the above analysis. Let us 
start with the following operator 

Or = tr ($ a T£)V^($ a T£) (1.3) 

with 

V + = d + +[AlT-, ■). (1.4) 

Thus instead of considering an operator with generators in the fundamental of SU(N) 
we consider an operator with generators in a representation R. We are interested 
in the anomalous dimension of this operator at strong coupling. Let us assume 
that the iV-ality of the representation is k. In this case the closed spinning string 
should be replaced by a bound state of k coincident folded spinning strings. These 
fc-strings can be 'glued' together in various ways, spanned by the tensor product of 
the fundamental representation. 

We expect the following expression for the anomalous dimension of ( |1.3[ ) [14] 



7h = A R - J = f R (g 2 YM , N, k) log J . (1.5) 
At strong coupling, large N, and when k/N is fixed we expect 

lR = A R - J = V\Nf R (k/N) log J. (1.6) 

We will argue shortly that when R is the antisymmetric representation and in the 
limit iV — ► oo, k/N fixed, the fc-strings bound state is better described as a spinning 
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D5-brane with k units of electric field on its worldvolume. At strong coupling, large 
N, k/N is fixed (but arbitrary) and J ^> Ny \ we find 



Tantisymmetric A an ti S y mmc t r ic J 3 77 2 ^fc t/ , (1.7) 

where 

vr(^-l] =^sm29 k -9 k . (1.8) 



The above results are due to a recent progress in calculations of expectation 
values of Wilson loop operators in M = 4 SYM. Drukker and Fiol [5] argued that 
a Wilson loop with matter in the symmetric representation is better described as a 
D3-brane with k units of electric flux. Following their work, it was shown [6-10] that 
a Wilson loop with matter in the antisymmetric representation is better described by 
a D5 brane whose worldvolume is a minimal surface in the AdS part of the geometry 
times an S 4 inside the S 5 . A detailed discussion of why the D5 brane corresponds to 
a Wilson loop with matter in the antisymmetric representation is given by ref. [8]. 
The identification is supported by a matrix model calculation [11,12] which is valid 
at arbitrary coupling and recovers the known results for Wilson loops with antisym- 
metric matter at both weak and strong couplings. Thus whenever a fundamental 
string, which represents a Wilson loop in the fundamental representation, is replaced 
by a D5 brane we obtain the antisymmetric representation instead of the fundamen- 
tal. This argument justifies the identification of the correspondence between the 
state Oji\0) (with R the antisymmetric representation) and the spinning D5 brane. 
A similar argument in favor of the identification ( |1.3|) is given at the end of section 
3. 



The organization of this paper is as follows: in section 2 we derive our main 
result by considering a spinning D5 brane in AdS space, in section 3 we 're-derive' 
the same result by considering Wilson loops with cusps. Finally in section 4 we 
discuss our result. 



2. Spinning D5-brane 



Consider a D5 brane in AdS*, x S 5 background. The D5 wraps an S A inside the S 5 . 
The S A resides at an angle 9 inside the S 5 which will be determined dynamically. 
The two other 'worldsheet' coordinates are exactly as in the case of the spinning 
string. 
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It is thus convenient to parametrize the AdS^ x S metric as follows 

2 (, , ?" 2 \^ 2 ^ 2 



ds 2 = - (J + —J dr+ - - r2 - +r 2 (dx +shr x# 2 +cos 2 xd*p 2 )+R 2 d9 2 +R 2 sin 2 flrfQ 2 

(2.1) 

Let us start with the D5 motion inside the AdS part of the metric. As already 
mentioned, the D5 behaves as a closed spinning string. In that case the motion is 
described by the Nambu-Goto action (we use the notation of [13]) 



I f i I f dv / UJ^T 2 

where uj = ^ is the angular velocity. 

The D5-brane action is (from now on we follow the convention of [10]) 

S m = T 5 J drd 5 ae~^ y/det {*g + 2na'F) - ig s T 5 J 2na'F A* C A . (2.3) 

The relevant part of the four form is C 4 = ^- ^ 3( - 6> ~ 7 ^ — sin 3 9 cos 9 — | cos 9 sin 9 j Vol S* 4 . 
In addition we will have an electric worldvolume field F ra such that 5S/6F Ta = ik. 

After the above insertions are made, the D5 action takes the form 

S D5 = ^5 J drda (sin 4 9^/det *g - F 2 + h{9)F^j , (2.4) 



where 
and 

h{9) = ~ - sin 3 cos 9 - ~ cos 9 sin (2.6) 



The variation of the action (2.4) with respect to F yields the relation ( |1.8|) . Variation 



with respect to 9 yields F = — y/det *g cos 9 and hence 

S m = I drda J del ~g (sin 5 9 - h{9) costf) , (2.7) 

OTl 2, J 

As explained in ref. [5] we need to add to ( |2.7| ) boundary terms. In contrast 
to the Wilson loop case, here there are no divergences associated with the 'radial' 
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coordinate of the AdS space. Namely, the worldsheet does not end on the boundary 
and hence the expression (|2.7|) does not suffer from divergences. We should however 
add the boundary term ik J F to the action in order to achieve gauge invariance. 
The final expression is 



Sns = ^J drday^- 9 s^e = T^sin 3 £ J dJ(l - f^) (2 



where 9 = 9 k is related to k/N by (|1.8|). 

From the action Q2.8Q we read the expressions for the spin J and the energy E 

uir 2 



J— — —sin 9 / dr — ==¥= (2.9) 
3tt 2 



E= ——sm s 9 / dr — (2.10) 

37T 2 ./ //-, w 2 r 2 v 



l+- r 



From the above relations, as in [4], we find 



E- J = A- J = ^^sin 3 #logJ (2.11) 
3n 2 



valid when J ^> Ny/\. 



3. Wilson loops with cusps 



Another way of deriving the result ( |1.7| ) is by using the relation with cusped Wilson 
loops. It is well-known, due to the works by Korchemsky et.al. [14,15] that the cusped 
Wilson loop encodes the twist two operator anomalous dimension in a generic Yang- 
Mills theory. 

The relation between the cusp anomalous dimension r cusp and the twist two 
operator anomalous dimension is 

7 = 2r cusp log J , (3.1) 

where r cusp is defined as 

lim (W») = exp -(^r cusp log /i//i ) , (3.2) 
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Figure 1: A typical perturbative contribution to a Wilson loop with a cusp. 

where is a Wilson loop with a cusp. \& - the cusp is defined by the relation 
vv' = cosh\I/, where v and v' are unit four-velocities of the heavy quark near the 
cusp, see figure ([!]). fi is a UV cut-off and [1q is an arbitrary scale. 



Due to the relations (|3.1|), (|3.2|) we can evaluate 7 by calculating cusped Wilson 
loops with matter in the antisymmetric representation. In fact, no new calculation 
is needed. Recently, by considering the DBI action of the D5 brane and comparing 
it to the action of the fundamental string [10] it was found that 

^antisymmetric z,iv ^3 g fo o\ 

— — — sin U k {6.6) 

•^fundamental 671 

where (^antisymmetric) = G X P ^antisymmetric j (^fundamental) = G X P ^fundamental; f or my 

shape of Wilson loop. Thus, in particular the cusp anomalous dimension satisfies the 
ratio ( |3.3| ) and hence 

^antisymmetric 2iV . g 



^fundamental 37T 



sm s 6 k . (3.4) 



The above re-derivation of the main result (|1 . 7]) , ( |i~8|) supports our claim that 
the spinning D5 brane computes the dimension of the boundary operator (|1.3|) . The 
reason is as follows: in the setup of [10] the D5-brane computes the expectation value 
of a Wilson loop with matter in the antisymmetric representation. Moreover, an open 
Wilson line generates operators of the form (|1.3|) (see [18] for a recent discussion). 
Therefore we expect that by replacing the spinning fundamental string by a spinning 
D5-brane the twist two operator ( |1.3| ) with R=fundamental should be replaced by 
R=antisymmetric. 



4. Discussion 



In this short note we computed the anomalous dimensions of an operator of the 
form ( |1.3| ), with R the antisymmetric representation. Our result, ( |1 . 7| ) , ( |OD can be 
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approximated (within less than 3% error for = 0...| ) as follows 

nVx f . k i. fe.A. T ^ 

7antisymmetric = ^ I Sm7T — - -(sin7T — )2 I log J , (4.1) 



Although ( |4.1| ) is not expected to be valid in the limit where k is fixed and 
iV — > oo (non-interacting k coincident strings), we observe that 7 an tisymmetric — > k—, 
namely k times the GKP result [4]. It is clear, however, that ( |4.1| ) cannot hold at 
finite k and finite N since it is non-analytic in 1/JV and contradicts the 't Hooft 
genus expansion. 



It is interesting to compare the above result fl4.1|) to the perturbative result [16] 
(see [17] for a recent two-loop calculation). At order g 2 ('one-loop') it is clear that 
the dependence on k is the well known 'Casimir scaling'. The reason is that at each 
vertex we have a factor T a and hence the contribution should be proportional to 
tr T a T b , see figure ([!]). It is known (but somewhat surprising) that the 'Casimir 
scaling' behaviour holds up to three loops [19] 1 . Thus, 



^antisymmetric kyN fc) 

= N — 1 V 4- ^v 
^fundamental J- > J- 

It is interesting to investigate the transition between the perturbative ( |4.2[ ) and 
the non-perturbative ( |3.3|) dependence. It is also interesting to see whether our setup 
can be associated with a spin chain [18,20]. We postpone these issues for the future. 
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